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Â ñòàòüå èññëåäóåòñÿ ñïåöèàëüíûé êëàññ ìàêñèìàëüíî ïîäâèæíûõ ïî÷òè êîíòàêòíûõ
ìåòðè÷åñêèõ ìíîãîîáðàçèé M2n+1(η, ξ,Φ, g) . Â ñïåöèàëüíîé ñèñòåìå êîîðäèíàò âûïèñà-
íû êîìïîíåíòû ñòðóêòóðíûõ îáúåêòîâ, íàéäåíû áàçèñíûå ïîëÿ àëãåáðû Ëè èíèíèòåçè-
ìàëüíûõ àâòîìîðèçìîâ äàííîé ñòðóêòóðû.
Êëþ÷åâûå ñëîâà: ïî÷òè êîíòàêòíîå ìåòðè÷åñêîå ìíîãîîáðàçèå, àëãåáðà Ëè, èíè-
òåçèìàëüíûé àâòîìîðèçì.
Ââåäåíèå
Ïóñòü M  ãëàäêîå ìíîãîîáðàçèå ðàçìåðíîñòè 2n+ 1 , η  äèåðåíöèàëüíàÿ
1-îðìà. Ôîðìà η îïðåäåëÿåò íà M êîíòàêòíóþ ñòðóêòóðó, åñëè âûïîëíÿåòñÿ
ñëåäóþùåå óñëîâèå [1℄:
η ∧ (dη)n 6= 0,
òî åñòü Ω = η ∧ (dη)n ÿâëÿåòñÿ îðìîé îáúåìà. Åñòåñòâåííûì îáîáùåíèåì êîí-
òàêòíûõ ñòðóêòóð ÿâëÿþòñÿ ïî÷òè êîíòàêòíûå ñòðóêòóðû.
Ïî÷òè êîíòàêòíàÿ ìåòðè÷åñêàÿ ñòðóêòóðà íà ãëàäêîì ìíîãîîáðàçèè M2n+1
îïðåäåëÿåòñÿ ÷åòâåðêîé òåíçîðíûõ ïîëåé: âåêòîðíûì ïîëåì ξ , íàçûâàåìûì õàðàê-
òåðèñòè÷åñêèì; äèåðåíöèàëüíîé 1-îðìîé η ; òåíçîðíûì ïîëåì Φ òèïà (1, 1) ,
íàçûâàåìûì ñòðóêòóðíûì ýíäîìîðèçìîì; ðèìàíîâûì ìåòðè÷åñêèì òåíçîðîì g .
Ýòè îáúåêòû äîëæíû óäîâëåòâîðÿòü ñëåäóþùèì óñëîâèÿì [1℄:
η(ξ) = 1, Φξ = 0, η(ΦX) = 0, ΦΦX = −X + η(X)ξ, (1)
g(ΦX,ΦY ) = g(X,Y )− η(X)η(Y )
äëÿ ëþáûõ âåêòîðíûõ ïîëåé X,Y íà M .
Âåêòîðíîå ïîëå v íàçûâàåòñÿ èíèíèòåçèìàëüíûì àâòîìîðèçìîì ïî÷òè êîí-
òàêòíîé ìåòðè÷åñêîé ñòðóêòóðû, åñëè âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:
Lvξ = 0, Lvη = 0, LvΦ = 0, Lvg = 0, (2)
ãäå Lv  ïðîèçâîäíàÿ Ëè âäîëü âåêòîðíîãî ïîëÿ v .
Âîïðîñ î ìàêñèìàëüíîé ïîäâèæíîñòè ïî÷òè êîíòàêòíûõ ìåòðè÷åñêèõ ñòðóêòóð
ðåøåí Ñ. Òàííî [2℄:
Òåîðåìà 1. Ïóñòü M2n+1  ñâÿçíîå ïî÷òè êîíòàêòíîå ðèìàíîâî ìíîãîîáðà-
çèå. Òîãäà ìàêñèìàëüíàÿ ðàçìåðíîñòü ãðóïïû àâòîìîðèçìîâ ïî÷òè êîíòàêò-
íîé ìåòðè÷åñêîé ñòðóêòóðû ðàâíà (n+1)2 . Ìàêñèìóì áóäåò äîñòèãàòüñÿ, åñëè
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è òîëüêî åñëè ñåêöèîííàÿ êðèâèçíà â íàïðàâëåíèè äâóìåðíûõ ïëîùàäîê, ñîäåðæà-
ùèõ âåêòîð ξ , áóäåò ïîñòîÿííîé, ðàâíîé C , è M ÿâëÿåòñÿ îäíèì èç ñëåäóþùèõ
ïðîñòðàíñòâ:
1) C > 0 : îäíîðîäíîå Ñàñàêèåâî ìíîãîîáðàçèå (èëè åãî ε-äåîðìàöèÿ) ïîñòî-
ÿííîé ϕ-àíàëèòè÷åñêîé êðèâèçíû H ;
2) C = 0 : 6 ãëîáàëüíûõ ðèìàíîâûõ ïðîèçâåäåíèé: T×CPn , T×CEn , T×CDn ,
L× CPn , L× CEn , L× CDn ;
3) C < 0 : ïðÿìîå ïðîèçâåäåíèå L× ctCE
n




Â ïðèíÿòûõ îáîçíà÷åíèÿõ L  ïðÿìàÿ, T  îêðóæíîñòü, CPn  êîìïëåêñ-
íîå ïðîåêòèâíîå ïðîñòðàíñòâî ñ ìåòðèêîé ÔóáèíèØòóäè, CEn  óíèòàðíîå
ïðîñòðàíñòâî, CDn  îòêðûòûé øàð ñ îäíîðîäíîé êýëåðîâîé ñòðóêòóðîé îòðè-
öàòåëüíîé ïîñòîÿííîé ãîëîìîðíîé ñåêöèîííîé êðèâèçíû.
Â äàëüíåéøåì áóäåì ïîëàãàòü, ÷òî èíäåêñû ìåíÿþòñÿ ñëåäóþùèì îáðàçîì:
i, j, k, . . . = 1, . . . , n, a, b, s, . . . = 1, . . . , 2n, A,B, S, . . . = 1, . . . , 2n+ 1.
àññìîòðèì 3-é êëàññ ìàêñèìàëüíî ïîäâèæíûõ ïî÷òè êîíòàêòíûõ ìåòðè÷åñêèõ
ñòðóêòóð òåîðåìû Òàííî [2℄. Íà ìíîãîîáðàçèè L× ctCE
n
ââåäåì ëîêàëüíûå êîîð-
äèíàòû x = {x1, . . . , x2n}, t = x2n+1 . Êîîðäèíàòû {x1, ·, x2n} âûáåðåì åñòåñòâåí-




− δij∂i ⊗ dx
j+n
, G = δabdx
adxb . Ïóñòü L è M  ðàñïðåäåëåíèÿ, ñîîòâåòñòâóþùèå
ñëîÿì CEn è L . Èç äîêàçàòåëüñòâà òåîðåìû [2℄ ñëåäóåò, ÷òî îíè ÿâëÿþòñÿ ñîîòâåò-
ñòâåííî ïåðâûì è âòîðûì óíäàìåíòàëüíûìè ðàñïðåäåëåíèÿìè ïî÷òè êîíòàêòíîé
ìåòðè÷åñêîé ñòðóêòóðû. àñïðåäåëåíèå L íàòÿíóòî íà âåêòîðíûå ïîëÿ ∂1, . . . , ∂2n ,
à M  íà âåêòîðíîå ïîëå ∂2n+1 . Òàê êàê L = ker (η) è M  ëèíåéíàÿ îáîëî÷êà ξ ,




âèä g è ïÿòîå óñëîâèå óñëîâèå (1), íàõîäèì λ = 1 . Îòñþäà ñëåäóåò, ÷òî â âûáðàí-
íîé íàìè ëîêàëüíîé ñèñòåìå êîîðäèíàò ñòðóêòóðíûå îáúåêòû èìåþò ñëåäóþùèé
âèä:








Φ = δij∂i+n ⊗ dx
j − δij∂i ⊗ dx
j+n.
Íåòðóäíî ïðîâåðèòü, ÷òî óñëîâèÿ (1) âûïîëíÿþòñÿ.
1. Ñèñòåìà äèåðåíöèàëüíûõ óðàâíåíèé
Íàéäåì âåêòîðíîå ïîëå èíèíèòåçèìàëüíîãî àâòîìîðèçìà v ñòðóêòóðû (3).
Óñëîâèÿ (2) ïðåäñòàâëÿþò ñîáîé ñèñòåìó äèåðåíöèàëüíûõ óðàâíåíèé â ÷àñò-
íûõ ïðîèçâîäíûõ îòíîñèòåëüíî íåèçâåñòíûõ óíêöèé vA = vA(x1, . . . , x2n, x2n+1) .
Çàïèøåì ýòè óñëîâèÿ äëÿ ñòðóêòóðíûõ îáúåêòîâ (η, ξ,Φ, g) :




A = 0 ⇔ ∂2n+1v
A = 0. (4)
Äëÿ äèåðåíöèàëüíîé 1-îðìû η íàõîäèì:
Lvη ≡ v
S∂sηB + ηS∂Bv
S = 0 ⇔ ∂Bv
2n+1 = 0. (5)










Çàïèøåì ïîñëåäíåå ðàâåíñòâî äëÿ ðàçëè÷íûõ ñåðèé èíäåêñîâ:
1. ∂j+nv
i + ∂jv









a = 0, 6. ∂bv
2n+1 = 0.
(6)


















2n+1 = 0, (8)
3. ∂2n+1v
2n+1 = 0. (9)
















b = 0, a > b.
(10)
2. åøåíèå ÑÄÓ
Èç ïåðâîé ñåðèè óðàâíåíèé (10) ñëåäóåò, ÷òî óíêöèè vA =
= vA(x1, . . . , x2n, x2n+1) íå çàâèñÿò îò ïåðåìåííîé x2n+1 . Èç âòîðîé ñåðèè óðàâíå-
íèé (10) ñëåäóåò, ÷òî óíêöèÿ v2n+1 = v2n+1(x1, . . . , x2n, x2n+1) íå çàâèñèò íè îò
îäíîé èç ïåðåìåííûõ, òî åñòü ÿâëÿåòñÿ êîíñòàíòîé, êîòîðóþ ìû îáîçíà÷èì C2n+10 :
va = va(x1, . . . , x2n), v2n+1 = C2n+10 . (11)












b = 0, a > b.
(12)
Äèåðåíöèðóÿ òðåòüå óðàâíåíèå ñèñòåìû (12) ïî xc , ïîëó÷èì, ÷òî
∂acv
a = 0. (13)
àññìîòðèì ÷åòâåðòîå óðàâíåíèå ñèñòåìû (12). Äëÿ ïðîñòîòû áóäåì ñ÷èòàòü,




a = 0, a 6= b 6= c. (14)
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Àíàëîãè÷íî, äèåðåíöèðóÿ ðàâåíñòâî ∂cv
b + ∂bv
c = 0 ïî xa , èìååì
∂acv
b + ∂abv
c = 0, a 6= b 6= c. (15)
Â ñèëó òîãî, ÷òî ∂av
b = −∂bv
a
, ïåðåïèøåì (15) â âèäå
∂acv
b − ∂bcv
a = 0, a 6= b 6= c. (16)
Ñêëàäûâàÿ (14)è (16) è ó÷èòûâàÿ (13), ïîëó÷èì, ÷òî:
∂abv
c = 0.
Ìû ïîëó÷èëè, ÷òî âñå âòîðûå ÷àñòíûå ïðîèçâîäíûå óíêöèé (11) ðàâíû íóëþ.
Îòñþäà ñëåäóåò, ÷òî îíè ëèíåéíû ïî âñåì ñâîèì àðãóìåíòàì è ìîãóò áûòü çàïèñàíû
â âèäå
va = Cab x
b + Ca0 , v
2n+1 = C2n+10 . (17)
Êîìïîíåíòû âåêòîðíîãî ïîëÿ èíèíèòåçèìàëüíîãî àâòîìîðèçìà çàâèñÿò îò
4n2 +2n+1 ïîñòîÿííûõ, êîòîðûå íå ÿâëÿþòñÿ íåçàâèñèìûìè. Èñïîëüçóÿ ñèñòåìó

















a = 0, a > b.
(18)
Èñïîëüçóÿ óñëîâèÿ (18), ìîæíî âûðàçèòü êîýèöèåíòû Cab ÷åðåç C
i
j , i < j, è




































ãäå i < j .
Òàêèì îáðàçîì, èç (19) ñëåäóåò, ÷òî ñðåäè âñåõ 4n2 êîýèöèåíòîâ Cab íåçàâè-
ñèìûìè ÿâëÿþòñÿ òîëüêî n2 . Ïðèìåì â êà÷åñòâå íåçàâèñèìûõ ïåðåìåííûõ Cij(i <
< j) è Cij+n(i ≤ j) . Òîãäà îáùåå ðåøåíèå ñèñòåìû (10) ìîæíî çàïèñàòü â âèäå:


































j+n − cC2n+10 x
i+n,
v2n+1 = C2n+10 .
Áàçèñíûå îïåðàòîðû àëãåáðû èíèíèòåçèìàëüíûõ àâòîìîðèçìîâ ìàêñèìàëü-
íî ïîäâèæíîé ïî÷òè êîíòàêòíîé ìåòðè÷åñêîé ñòðóêòóðû, îïðåäåëÿåìîé ðàâåíñòâà-
ìè (3), èìåþò âèä:




















Òåîðåìà 2. Ñóùåñòâóåò ñèñòåìà êîîðäèíàò, â êîòîðîé ñòðóêòóðíûå îáúåê-
òû è áàçèñíûå îïåðàòîðû àëãåáðû Ëè èíèíèòåçèìàëüíûõ àâòîìîðèçìîâ ìàê-
ñèìàëüíî ïîäâèæíûõ ïî÷òè êîíòàêòíûõ ìåòðè÷åñêèõ ìíîãîîáðàçèé òðåòüåãî
êëàññà Òàííî èìåþò âèä (3) è (20) .
Summary
N.A. Tyapin. On a Class of Almost Contat Metri Manifolds of Maximal Mobility.
A speial lass of almost ontat metri manifolds M2n+1(η, ξ,Φ, g) of maximal mobility is
studied. In terms of a speial oordinate system, we alulate the omponents of the struture
objets of M2n+1 and nd basis vetor elds of the Lie algebra of innitesimal automorphisms
of M2n+1 .
Key words: almost ontat metri manifold, Lie algebra, in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